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T H E R M O C O N V E C T I V E  W A V E S  IN A H O R I Z O N T A L  

B O U N D E D  L A Y E R  O F  AN I N C O M P R E S S I B L E  F L U I D  

E .  F .  N o g o t o v  a n d  A .  K.  S i n i t s y n  UDC 536.25 

The propagation of f inite-amplitude thermoconveet ive waves in a horizontal fluid layer  ~ith 
rigid boundaries is investigated. 

In liquids ~4th a ver t ical  t empera tu re  gradient  (VT ~g),  as was f i rs t  shown in [1,2], it is possible for 
weakly attenuating thermoconvect ive waves (TCW) to propagate.  In [3,4], accurate  analytic solutions were 
obtained for the propagation of smal l -ampl i tude  TCW excited by, tempera ture  oscillations on the ver t ical  wall 
of a semibounded layer  with free edges. The region of weak attenuation of the TCW was determined,  the spec-  
t ra l  composit ion of the TCW was investigated, and amplitude and phase charac te r i s t i cs  were obtained. 

In [5-7], TCW were investigated in fluid layers  with rigid boundaries,  examining a number of proper t ies  
of TCW propagation against a background of mechanical  equilibrium of the medium and also in conditions of 
developed natural  convection. 

In [5, 7], the propagation of periodic tempera ture  perturbations in an ai r - f i l led rectangular  hor izonta l  
cavity (150 x 50 x 11.7 ram) uniformly heated f rom below was studied experimental ly in the frequency range 
~' = 10-2-10 -4 sec -1. The amplitude of the t empera tu re  oscillations on the side wall did not exceed 10/~ of the 
ver t ical  tempera ture  drop. In [6], numerical  calculations were ca r r i ed  out for a region of higher frequencies ,  
approximately an o rder  of magnitude l a rge r  than the upper limit achieved in the experiment;  in this case ,  the 
amplitude of the exciting oscil lat ions chosen was half the tempera ture  drop over  the height of the layer .  

In the present  work, the investigation of TCW in bounded fluid layers  is continued. Methods of mathe- 
matical  modeling are  used to study the effect of the exciting wave amplitude on TCW propagation and to eluci- 
date possible mechanisms of TCW propagation for different relations between the amplitude of the temperatui;e 
oscillations on the side wall and the ver t ical  tempera ture  drop in the layer.  

Physical  experiments [5,7] have shown that TCW propagation proceeds against a background of a two- 
dimensional cyclic convective s t ructure .  As a resul t ,  it is possible to limit theoret ical  investigations to a 
two-dimensional  model,  considering TCW in a rec tangular  region corresponding to a ver t ical  c ross  section 
of the layer  perpendicular  to the axes of the convective cycle.  

Mathematical expressions for TCW propagation may be written using the Boussinesq equations [8]. This 
sys tem of equations contains the Prandtl  (Pr),  Grashof (Gr), and Rayleigh (Ra) numbers ,  as well as w, the 
frequency of the tempera ture  oscillations on the side wall, and the pa ramete r  ~ charac ter iz ing  the relation be- 
tween the amplitude of these oscillations and the ver t ical  tempera ture  drop in the layer  [6]. The Grashof num- 
ber  is determined by the total t empera ture  drop in the layer  (I Tdi + A 0) and the Rayleigh number solely by the 
t empera tu re  drop over  the height of the layer  (Td). 
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Fig .  1. A m p l i t u d e  d i s t r i b u t i o n  of TCW o v e r  m e d i a n  l ine  of  
l a y e r  y = 0.5 fo r :  a ) R a  = 0 ,  G r  =2500  (1), 104 (2), 105 (3); 
b) Ra  = 1700, a = 2 / 3  (1); Ra  = 2000, a = 2 /3  (2); Ra  = 104 , 
a, = 0.5 (3). 

The  p r o b l e m  was s o l v e d  n u m e r i c a l l y  on a Bt~SM-6 c o m p u t e r ,  u s ing  a m o n o t o n i c ,  c o n s e r v a t i v e  f i n i t e -  
d i f f e r e n c e  s c h e m e  of s e c o n d - o r d e r  a c c u r a c y  b a s e d  on the  me thod  of r e v e r s a l s .  A u n i f o r m  s p a c e  g r i d  wi th  
s t e p  h = 1 /14  was u s e d .  The  t i m e  v a r i a b l e  was d i s c r e t i z e d  a u t o m a t i c a l l y  in the  c o u r s e  of  the  c a l c u l a t i o n  
so  as  to e n s u r e  the  s t a b i l i t y  of  the  c a l c u l a t i o n  p r o c e s s .  

The  i n v e s t i g a t i o n  was c a r r i e d  out  f o r  a h o r i z o n t a l  r eg ion  in the  f o r m  of a r e c t a n g l e  ( ra t io  of s i d e s  l / d  = 

10; l i s  the  length  and d i s  the  he igh t ) .  The  u p p e r  and l o w e r  b o u n d a r i e s  w e r e  a s s u m e d  to be i s o t h e r m a l  wi th  
t e m p e r a t u r e s  T I and  T2, r e s p e c t i v e l y  (T1 -> T2). On the  s i d e  wa l l ,  the  t e m P e r a t u r e  v a r i a t i o n  was l i n e a r .  The  
TCW w e r e  g e n e r a t e d  by p e r i o d i c  o s c i l l a t i o n s  o v e r  t i m e  of  the  t e m p e r a t u r e  on the  l e f t - h a n d  s ide  wal l :  

Ox=0 = 0.5 ( 1 -  ia!) sin gys in  c0t -:- a (1--y) .  (1) 

C a l c u l a t i o n s  w e r e  c a r r i e d  out  f o r  o s c i l l a t i o n s  o f  m a x i m u m  a m p l i t u d e  A 0 = T i - T2, (T 1 - T2)/2,  and  (T t - T2)/ 
4 ,  c o r r e s p o n d i n g  to a = 1 /2 ,  2 /3 ,  and 4 /5 .  The  c a s e  T 1 = T 2 (a = 0) was a l so  i n v e s t i g a t e d .  The  d i m e n s i o n l e s s  
f r e q u e n c y  w was v a r i e d  be tween  the l i m i t s  0.5 and 10. The  r a n g e  of R a y l e i g h  n u m b e r s  c o n s i d e r e d  (0 _< Ra - 
10 ~) c o v e r s  TCW p r o p a g a t i o n  both  a g a i n s t  a b a c k g r o u n d  of m e c h a n i c a l  e q u i l i b r i u m  of  the  m e d i u m  and in cond i -  
t ions  of  n a t u r a l  c o n v e c t i o n .  

F o r  the  l a y e r  of t h i c k n e s s  d = 10 -2 m u s e d  in the  e x p e r i m e n t  of  [5], th is  f r e q u e n c y  r ange  c o r r e s p o n d s  to 
o s c i l l a t i o n s  wi th  p e r i o d  2-100 s e e .  E x p e r i m e n t a l l y ,  TCW with  p e r i o d s  600 s e c  and m o r e  have been  s t u d i e d .  

In i s o t h e r m a l  cond i t ions  (T 1 = T2, a = 0, Ra = 0),  t e m p e r a t u r e  p e r t u r b a t i o n s  c a u s e d  by  p e r i o d i c  t e m p e r -  
a t u r e  o s c i l l a t i o n s  on one of the  s i de  w a i l s  of the  l a y e r  r a p i d l y  a t t e n u a t e ,  the  c h a r a c t e r  of the  a t t enua t ion  be ing  
d e t e r m i n e d  by the f r e q u e n c y  and a m p l i t u d e  of  the  t e m p e r a t u r e  o s c i l l a t i o n s  at  the  wal l .  The  a m p l i t u d e  of t h e s e  
o s c i l l a t i o n s  i s  c h a r a c t e r i z e d  by the p a r a m e t e r  G r .  In the  c o u r s e  of the  n u m e r i c a l  e x p e r i m e n t s  i t  was e s t a b -  
l i shed  tha t ,  f o r  the  i n v e s t i g a t e d  f r e q u e n c y  r a n g e  (0.5 -< w ~ 10), the  e f fec t  of G r  on the  p r o p a g a t i o n  of  the  
t e m p e r a t u r e  p e r t u r b a t i o n s  i s  s i g n i f i c a n t  only  when G r  > 2500. F o r  G r  < 2500,  the p r o p a g a t i o n  of the  t e m p e r -  
a t u r e  p e r t u r b a t i o n s  in the  f lu id  l a y e r  i s  v i r t u a l l y  i d e n t i c a l  to  tha t  in a s o l i d  m e d i u m ;  in o t h e r  w o r d s ,  w e a r e  
d e a l i n g  with o r d i n a r y  t e m p e r a t u r e  w a v e s .  F o r  G r  -> 2500, the  e f fec t  of c onve c t i on  l e a d s  to  m a r k e d  d i s t o r t i o n  
of  the  c u r v e s  c h a r a c t e r i z i n g  the change  in m a x i m u m  a m p l i t u d e  of  the t e m p e r a t u r e  p e r t u r b a t i o n s  a long  the  
l a y e r  (F ig .  l a ) .  A n a l y s i s  of the  b e h a v i o r  of t h i s  c u r v e  shows  t h a t ,  c l o s e  to the  s i de  wa l l  on which t e m p e r a t u r e  
m odu la t i on  o c c u r s ,  the  t e m p e r a t u r e  p e r t u r b a t i o n s  a t t e n u a t e  m o r e  r a p i d l y  than  in a s o l i d  m e d i u m ,  the  m a x i m u m  
a m p l i t u d e  of the  t e m p e r a t u r e  o s c i l l a t i o n s  A| (x) a t  a d i s t a n c e  x ~ 0.7d f r o m  the  s i d e  wal l  be ing  r e d u c e d  by a 
f a c t o r  of about  5. Subsequen t l y ,  h o w e v e r ,  the  d e c r e a s e  in  A| (x) a long  the l a y e r  i s  g r e a t l y  s l ow e d ,  so  tha t  the 
p e r t u r b a t i o n s  p e n e t r a t e  into the  l a y e r  to  a much  g r e a t e r  dep th  than in the  c a s e  of  a s o l i d  m e d i u m .  I n c r e a s e  in 
A 0 (and hence  in Gr)  l e a d s  to an i n t e n s i f i c a t i o n  of the  e f fec t .  F o r  G r  -> 105, a weak ly  e x p r e s s e d  m a x i m u m  on 
the  a m p l i t u d e  c u r v e  i s  even  o b s e r v e d .  

If the  dep th  of  p e n e t r a t i o n  L of the  t e m p e r a t u r e  p e r t u r b a t i o n s  i s  de f ined  as  the  d i s t a n c e  f r o m  the s i de  
wa l l  a t  which  t h e i r  a m p l i t u d e  i s  s m a l l e r  by a f a c t o r  of  10 than  the  a m p l i t u d e  a t  the  wa l l ,  i t  m a y  be o b s e r v e d  
t h a t ,  with i n c r e a s e  in G r ,  L i n c r e a s e s  f r o m  0.7d (for G r  ~ 2500) to  1.2d (for G r  = l 0  s) and in the  c o n s i d e r e d  
f r e q u e n c y  r a n g e  does  not  depend  on w (F ig .  2). 
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F i g .  2. D e p e n d e n c e  of  the  dep th  of p e n e t r a t i o n  L of  TCW: a) on u: 
(plot ted a long  the a b s c i s s a )  fo r  Ra  = 1650 (1), 2500 (2), 104 (3); 
b) on Ra  fo r  cc = 0.5 and (~ = 0.8 (1), 0.5 (2), 2 /3  (3). 

The  wave l eng th  ;~ c a l c u l a t e d  f r o m  the p h a s e  sh i f t  d e c r e a s e s  f r o m  70d to 36d as  ~c changes  f r o m  0.5 to 10 
(Gr -< 2500), which  i s  in good a g r e e m e n t  with the  r e s u l t s  of a n a l y s i s  [4]. F u r t h e r  i n c r e a s e  in G r  l e a d s  to neg -  
l i g ib l e  i n c r e a s e  in ~. 

Th is  c h a r a c t e r  of the p r o p a g a t i o n  of t e m p e r a t u r e  p e r t u r b a t i o n s  of  the  f o r m  of Eq.  (1) in an i s o t h e r m a l  
f lu id  l a y e r  d e t e r m i n e s  the  s t r u c t u r e  and i n t e n s i t y  of the  c o n v e c t i v e  mo t ion .  

In th i s  c a s e ,  the l a y e r  con t a in s  a s i ng l e  c o n v e c t i v e  c e l l ,  in  which  the d i r e c t i o n  of f lu id  c i r c u l a t i o n  
c h a n g e s  p e r i o d i c a l l y ,  s y n c h r o n o u s l y  wi th ,  but  in o p p o s i t i o n  to ,  the  t e m p e r a t u r e  o s c i l l a t i o n s  of the  s ide  wal l .  
As G r  i n c r e a s e s ,  the  i n t e n s i t y  of f lu id  c i r c u l a t i o n  in the  c e l l  r i s e s ,  and the  c e l l  i t s e l f  i n c r e a s e s  in s i z e .  Thus ,  
fo r  e x a m p l e ,  w h e r e a s  for  G r  = 2000 the c o n v e c t i v e  mot ion  c o v e r s  the  r e g i o n  0 < x <- 1.5,  f o r  G r  = 10 ~ i n t en -  
s i ve  mo t ion  of the  f lu id  i s  o b s e r v e d  in the  r e g i o n  0 < x -< 3. The  no ted  p r o p e r t y  of TCW p r o p a g a t i o n  in an 
i s o t h e r m a l  f lu id  l a y e r  is  in good q u a l i t a t i v e  a g r e e m e n t  wi th  the da ta  of [4,5] .  

The  p r o p a g a t i o n  of  t e m p e r a t u r e  p e r t u r b a t i o n s  in a h o r i z o n t a l  f lu id  l a y e r  wi th  a t e m p e r a t u r e  d i f f e r e n c e  
(T 1 > T 2) c o r r e s p o n d i n g  to Ra - 1200 be tween  top and bo t t om s c a r c e l y  d i f f e r s  f r o m  the i s o t h e r m a l  c a s e  (T 1 = 
T2); and ,  a l though  in th i s  c a s e  the  l a y e r  c o n t a i n s  not  one but  s e v e r a l  convec t ive  c e l l s ,  the i n t e n s i t y  o f  f lu id  
c i r c u l a t i o n  in i t  f a l l s  r a p i d l y  with i n c r e a s i n g  d i s t a n c e  f r o m  the s ide  wal l  a t  which  t e m p e r a t u r e  modu la t i on  i s  
o c c u r r i n g .  F o r  Ra  = 1000, fo r  e x a m p l e ,  the  i n t e n s i t y  of f lu id  c i r c u l a t i o n  f a l l s  by a l m o s t  an o r d e r  of  magn i tude  
on p a s s i n g  f r o m  one c e l l  to the  nex t .  The  a m p l i t u d e  c u r v e  shows  a s e r i e s  of a l t e r n a t i n g  m a x i m a  and m i n i m a ,  
r a p i d l y  d e c r e a s i n g  with d i s t a n c e  f r o m  the s ide  wa l l  (F ig .  l b ) .  The  m a x i m a  on the  a m p l i t u d e  c u r v e  c o r r e s p o n d  
to the  i n t e r f a c e s  be tween  c e l l s ,  w h e r e  a l t e r n a t i o n  o v e r  t i m e  of u p w a r d  and d o ~ w a r d  f low o c c u r s ;  the m i n i m a  
c o r r e s p o n d  to the  c e n t e r s  of  the  c e l l s .  

The changes  in i n t ens i t y  and d i r e c t i o n  of the  f lu id  c i r c u l a t i o n  in r e s p o n s e  to t e m p e r a t u r e  o s c i l l a t i o n s  at  
the  s i de  wal l  o c c u r  p r a c t i c a l l y  s i m u l t a n e o u s l y  in a l l  the  c e l l s .  The  p h a s e  sh i f t  in n e i g h b o r i n g  c e l l s  ( l eav ing  out  
of accoun t  a p h a s e  change  of  F. on p a s s i n g  f r o m  c e l l  to ce l l )  i s  n e g l i g i b l e ,  and c o r r e s p o n d s  to a wave leng th  of 
the  t r a v e l i n g  wave 2~ -~ 70d-30d  fo r  x = 0 .5 -10 .  

As  Ra i n c r e a s e s  and a p p r o a c h e s  the  c r i t i c a l  va lue  IRa*, t h e r e  is  not  only i n c r e a s e  in the  i n t e n s i t y  of the 
c o n v e c t i v e  f low,  but a l so  e q u a l i z a t i o n  of the f lu id  c i r c u l a t i o n  ve loc i t y  be tween  the c e l l s .  A c c o r d i n g l y ,  t h e r e  
is  a s i g n i f i c a n t  i n c r e a s e  in the dep th  of p e n e t r a t i o n  L of the TCW (Fig.  2b). In add i t i on ,  d e c r e a s e  in the  f r e -  
quency of t e m p e r a t u r e  modu la t i on  at  the  s i de  wal l  l e a d s  to i n c r e a s e  in L (Fig .  2a).  Thus ,  fo r  Ra  = 1650, when 
a. d e c r e a s e s  f r o m  10 to 0.5,  L i n c r e a s e s  by a f a c t o r  of 1.7. E v i d e n t l y ,  th i s  p r o p e r t y  i s  only s i g n i f i c a n t  in 
r e g i o n s  of c o m p a r a t i v e l y  high f r e q u e n c y  (x > 0.1).  F o r  x < 0.1,  in the  s u b c r i t i c a l  r ange  of R a y l e i g h  n u m b e r s ,  
the f r e q u e n c y  of the  t e m p e r a t u r e  o s c i l l a t i o n s  at  the s i de  wal l  i s  found to have no e f fec t  on L [5]. 

Inc t e a s  e in i n t e n s i t y  of c i r c u l a t i o n  of the  f lu id  in  the  c o n v e c t i v e  c e l l  l e a d s  to an i n c r e a s e  in i n e r t i a ,  and  t h i s ,  in 
t u r n ,  e n t a i l s  a d e c r e a s e  in wave l eng th  (Fig .  3b). As  Ra a p p r o a c h e s  Ra*, the  p h a s e  sh i f t  m a r k e d l y  i n c r e a s e s  and hence  
the  p r o p a g a t i o n  of the  wave f ron t  a long the  l a y e r  can  be  t r a c e d  up to  the  m o m e n t  of i t s  ex t inc t ion .  

In the  s t e a d y  s t a t e ,  when the  t e m p e r a t u r e  of the  s i de  wal l  d e v i a t e s  f r o m  the  e q u i l i b r i u m  va lue  ( l i nea r  p r o f i l e ) ,  
a new c e l l  i s  f o r m e d  c l o s e  to i t  and the  c e l l  a d j a c e n t  to the  wa l l  i s  c o m p r e s s e d  to a l m o s t  o n e - h a l f .  In the  next  m o m e n t s  
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Fig .  3. Dependence of wavelength: a) on w for  a = 2 /3  and Ra = 1500 
(1), 2500 (2), 104 (3); b) on Ra fo r  w = 0.5. 

the c o m p r e s s e d  ce l l  r e v e r t s  to i ts  n o r m a l  s ta te  and the following ce l l  is  c o m p r e s s e d ,  and so on. It may  be noted that  
this  p i c tu re  i s  a l so  obse rved  in a l a y e r  with f r ee  boundar ies  [4]. The d i s tance  between two suc ces s ive  c o m p r e s s i o n s  
is  half the wavelength.  

F o r  Ra >_ Ra*, the TCW propagat ion occurs  agains t  a background of developed ce l l  convection.  In [5,6] 
i t  was noted that  in this  case  the propagat ion  of the t e m p e r a t u r e  pe r tu rba t ions  occur s  as a r e su l t  of the p e r i o d -  
ic  appea rance  and d i s a p p e a r a n c e  of an addi t ional  ce l l  c lose  to the wall  on which the t e m p e r a t u r e  osc i l l a t ions  
a r e  occu r r ing .  When the addi t ional  ce l l  a p p e a r s ,  the neighboring ce l l  is  c o m p r e s s e d  and detached f rom the 
s ide  wal l .  Then the addi t ional  ce l l  d imin i shes  and d i s a p p e a r s ,  producing a region with no rma l  ce l l s  (mode I). 
The TCW propaga tes  in the fo rm of a l t e rna t ing  regions  with c o m p r e s s e d  and no rma l  c e l l s .  

However ,  it  is  found that in ce r t a in  condit ions other  mechan i sms  of TCW propagat ion  may be r e a l i z e d .  
F o r  example ,  if the ampl i tude  of the t e m p e r a t u r e  osc i l l a t ions  at  the s ide  wall  is  insuff ic ient  for  the format ion  
of an addi t ional  ce l l ,  the fo rmat ion  of reg ions  with c o m p r e s s e d  and n o r m a l  ce l l s  occurs  as a r e s u l t  of the 
per iod ic  d i s appea rance  and appea rance  of the ce l l s  a l r eady  p r e s e n t  a t  the ~ 1 1  (mode II). F o r  exci t ing o s c i l -  
la t ions  of s m a l l  ampl i tude ,  TCW may be gene ra t ed  as a r e su l t  of the pe r iod ic  expansion and c o m p r e s s i o n  of 
ce l l s  at  the s ide  wal l .  In this  c a s e ,  the number  of convect ive ce l l s  in the l aye r  r e m a i n s  constant  (mode III). 

I t  should be noted that  i t  is  not so le ly  the ampli tude of the exci t ing osc i l l a t ions  (the p a r a m e t e r  ~) which 
d e t e r m i n e s  the r ea l i za t ion  of a p a r t i c u l a r  mode of TCW exci ta t ion ,  but a lso  to a l a rge  extent  cc and Ra.  At 
f requency w = 0.5 and ~ = 0.5, for  example ,  mode I is  r e a l i z e d  for  Ra in the range 5- 103 ~ Ra ~ 104 but mode 
II for  Ra outs ide that  range (Ra < 5.103 , Ra > 104). F o r  ~ = 2/3 (~ = 0.5), mode II is  r e a l i z e d  for  Ra < 1.5.104 
but mode III for  Ra > 1.5.104. 

To a l a rge  extent ,  the p a r t i c u l a r  mode de t e rmines  the depth Of pene t ra t ion  L of the TCW, and a change in the 
mode leads  to a sha rp  change in L (Fig.  2b). Mode II favors  the propagat ion  of weakly at tenuat ing TCW, while the 

depth of pene t ra t ion  of TCW is  l eas t  for  mode HI. 

F o r  Ra ->- Ra*, the depth of pene t ra t ion  of TCW depends s t rongly  on the frequency of the in i t ia l  p e r t u r b a -  
t ion w. With d e c r e a s e  in ~ ,  the value of L rap id ly  i n c r e a s e s  (Fig .2a) .  Es pe c i a l l y  rap id  growth in L is  ob- 
s e rved  fo r  cc < 1. E x p e r i m e n t a l  r e su l t s  for  x < 0.1 [5] a l so  show an i n c r e a s e  in L with d e c r e a s e  in w, but 
the re  is  found to be a lower  f requency l imi t  (~.' ~ 10 -4 sec -1) below which d e c r e a s e  in ~ p roduces  no change in 
L [51; this  is  evidently a s soc i a t ed  with the a t ta inment  of a quas i s teady  s ta te .  

Invest igat ion shows that ,  in the s u b c r i t i c a l  reg ion ,  i n c r e a s e  in Ra is accompanied  by an i n c r e a s e  in L, 
which g radua l ly  slows and s t ab i l i ze s  when Ra ~ 2500 {Fig. 2b). 

Ana lys i s  of the curve  c h a r a c t e r i z i n g  the change in maximum ampl i tude  of the t e m p e r a t u r e  osc i l l a t ions  
along the l a y e r  shows that ,  r ight  up to Ra ~ 5000, i t s  g e n e r a l  fo rm is  much the same  as in the ca se  Ra < Ra*,  
although the e x t r e m a l  values  of the ampli tude a r e  much h igher  in the s u b c r i t i c a l  region of Ra (Fig.  lb) .  F o r  
Ra > 7000, the individual  max ima  on the ampli tude curve a r e  sp l i t  into two components ,  following the f o r m a -  
tion of i s o t h e r m a l  nuclei  at the c en t e r s  of the convect ive  c e l l s .  
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Let us consider  the dependence of the wavelength X on the Rayleigh number ,  and also on the amplitude 
and frequency of the exciting oscil lat ions.  Calculation shows that, in the above-cr i t ica l  region (IRa > Ra*), 
X is prac t ica l ly  independent of Ra and (~ (Fig. 3b). Hence the phase velocity of TCW propagation is also in- 
dependent of Ra and a and is only a function of o~'. In fact ,  increase  in a' leads to dec rease  in X; the de-  
c r ea se  is mos t  significant for small  w (w < 3) and for large  frequencies  the dependence of X on c0 markedly  
dec reased  (Fig. 3a)o 

In conclusion,  it should be noted that the resul ts  on TCW obtained in the present  work by numer ica l  cal-  
culation are  in good qualitative agreement  with those of analysis  [3, 4] and of physical  experiments  [5,6]. 

N O T A T I O N  

Gr = flgd3(I 7d I+ A0)/u 2, Grashof  number;  Ra = G r ~ P r  = f i g d 3 T d / v a ,  Rayleigh number;  a = Td/(17d! + A0), 
pa r ame te r  charac te r iz ing  the relation between the ver t ical  tempera ture  drop in the layer  and the amplitude of 
the tempera ture  oscil lat ions at the wall; 7 = (Tt - T 2 ) / d ,  ver t ioa l  tempera ture  gradient in layer ;  l ,  length of 
layer ;  d, layer  thickness;  A0, maximum amplitude of tempera ture  oscil lat ions at wall; u, kinematic viscosi ty;  
a,  thermal  conductivity; P r  = ~ , / a ,  Prandtl  number;  fi, coefficient of thermal  compressibi l i ty ;  g,  accelera t ion 
due to gravi ty;  |  dimensionless  t empera ture  in layer;  Ra*, c r i t ica l  Rayleigh number corresponding to 
loss of mechanical  equilibrium of the layer ;  u/d,  scale of velocity; d2/v, scale of t ime; co, frequency of ex- 
citing oscil lat ions;  L, depth of penetrat ion,  defined as the distance f rom the side wall at which the amplitude 
is reduced by a factor  of 10; A| (x) = 2 (1-- !c~ I )-1 [max| (x; 0.5; t)--minO (x; 0.5; t) ], amplitude of t empera tu re  o s -  
cillations in median line of cavity y = 0.5, tE [tl,t2], t 2 - t l =  2~/cc. 
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APPROXIMATE SOLUTION OF EXTENDED GRAETZ 

PROBLEM BY ORTHOGONAL COLLOCATION 

J. Villadsen and M. L. Michelson* UDC 536.242 

The method of orthogonal collocation is applied to the Graetz problem. The method allows 
a very accurate  solution to be obtained in the initial region, where the Four ier  ser ies  con- 
verges  very slowly. 

I. I n t r o d u c t i o n  

Linear partial differential equations (LPDE) are the mathematical models most commonly used to des- 
cribe engineering systems. Boundary-value problems for these equations may be solved by means of Fourier 
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